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We study the molecular dynamics of two discs undergoing Newtonian (“inertial”) dynamics, with elastic
collisions in a rectangular box. Using a mapping to a billiard model and a key result from ergodic theory, we
obtain exact, analytical expressions for the mean times between the following events: hops, i.e. horizontal or
vertical interchanges of the particles; wall collisions; and disc collisions. To do so, we calculate volumes and
cross-sectional areas in the four-dimensional configuration space. We compare the analytical results against
Monte Carlo and molecular dynamics simulations, with excellent agreement.
I. INTRODUCTION
Collision times play a fundamental role in statistical mechan-
ics, since properties such as mixing, reaction and diffusion
rates depend on them [1–3]. A paradigmatic model, intro-
duced by Boltzmann almost 150 years ago [1, 4], consists of
a fluid of hard spheres colliding with one other, either in a
periodic torus or in a rectangular box.
The simplest such system that is non-trivial is that of two discs
in a box. The discs move rectilinearly until they undergo elas-
tic collisions, either with a wall of the box, or with one an-
other; this has been called “inertial motion”, to distinguish
it from Brownian motion [5]. Phenomena such as transport,
collision and reactions have been studied in such systems,
both analytically [6–8] and numerically [9, 10]. The events
of physical interest in this system are collisions of the parti-
cles, with the box or with one other, and hopping, in which
two particles interchange position, either vertically or hori-
zontally, and; this plays an important role in the dynamics of
confined fluids, for example [5].
Previous work by Bowles et al. gives results for hopping for
both inertial and Brownian dynamics [5], defined as the mean
first-passage time, using arguments from transition state the-
ory to provide expressions for the general behavior of these
quantities, as a function of the disc radii. Further work has
expanded along that line [8, 11]. There is also a statistical
thermodynamic treatment by Munakata et al. , who study the
partition function, pressure, and temperature in the system
[7, 12].
In this paper we obtain exact analytical expressions, not for
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the first-passage time, but rather for mean inter-hop and inter-
collision times of two discs under inertial (Newtonian) mo-
tion, as a function of the geometrical parameters of the sys-
tem. Such a treatment is possible since the dynamics of N
hard discs in d spatial dimensions is equivalent to a billiard
model in the Nd-dimensional configuration space, i.e. a single
point particle colliding elastically with suitable objects (“scat-
terers”) [4]. In particular, the system of two discs in a box
is hyperbolic (chaotic) and ergodic when the discs are able to
pass each other [13]. Otherwise, the system decomposes into
two or four disjoint ergodic components, on each of which the
dynamics is still hyperbolic.
We can thus apply a key result from ergodic theory on mean
collision times [14] to obtain analytical expressions for times
between hops, between wall collisions, and between disc col-
lisions, in terms of volumes and areas in configuration space.
We verify our results by comparing the geometrical calcula-
tions with rejection-sampling Monte Carlo simulations, and
the dynamical results with molecular dynamics simulations.
In certain asymptotic regimes, we recover previously obtained
power-law exponents [5].
The main difficulty in the analysis is correctly accounting for
several geometric factors with different origins that occur in
both the analytical and numerical calculations. All numerical
code, in the Julia language [15], is available online [16].
II. MODEL: TWO HARD DISCS IN A RECTANGULAR
BOX
We consider two hard discs with equal radius r, moving in-
side a box of width w and height h; see Fig. 1. The discs move
inertially in the absence of forces, following straight line tra-
jectories, and undergo elastic collisions with one other and
with the walls of the box.
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FIG. 1: The billiard and its parameters. Coordinates have
their origin at the geometrical center of the billiard table.
We denote the position of the center of the ith disc by xi =
(xi,yi), and its velocity by vi = (ui,vi) for i = 1,2. Since
the discs are hard, their centers are restricted to the region
(xi,yi) ∈ [−a,a]× [−b,b], where a := a(r) := w2 − r and b :=
b(r) := h2 − r.
The exclusion condition preventing the discs from overlap-
ping is (x1−x2)2+(y1−y2)2 ≥ (2r)2. It is thus useful to per-
form an orthogonal transformation (rotation) to the following
new coordinates:
x :=
x1− x2√
2
; X :=
x1+ x2√
2
;
y :=
y1− y2√
2
; Y :=
y1+ y2√
2
.
(1)
In these coordinates, the configuration space is given by the
following intervals: x ∈ [−a√2,+a√2] with X ∈ [−a√2+
|x|,a√2− |x|]; and similarly for y and Y , replacing a by b.
The non-overlapping constraint then becomes x2 + y2 ≥ 2r2.
The horizontal and vertical coordinates transform indepen-
dently from one other, and the Jacobian of this transformation
is equal to 1.
These constraints define a four-dimensional rectangular
prism, in which is embedded an excluded cylinder with a
three-dimensional surface (codimension 1). This cylinder has
radius r
√
2 and lies on a diagonal between the X and Y axes.
The prism surface is the outer boundary of the configuration
space, while the cylinder is an excluded volume, the surface
of which acts as a reflecting inner boundary. The dynamics
of the two discs is equivalent to a billiard model in this 4-
dimensional space, in which a point particle undergoes free
flight until it hits a wall, where it undergoes an elastic reflec-
tion. The outer boundaries are flat, so the hyperbolicity is
due to the inner semi-dispersing boundary [13], which corre-
sponds to the collision of the two discs.
We take the mass of each disk as m = 1, so that the kinetic
energy is 12 (v
2
1 + v
2
2). We restrict attention to the energy sur-
face with E = 12 , so that the disc velocities satisfy v
2
1+v
2
2 = 1.
Other values of the mass or energy correspond to a simple
rescaling of the dynamics, with velocities differing by a fac-
tor of
√
2E/m, and corresponding factors in the times to be
determined below.
A. Hopping dynamics
An example of hopping dynamics is shown in Fig. 2, for pa-
rameter values for which the two discs are trapped for long pe-
riods without being able to undergo horizontal hops. This was
simulated using the algorithm described below. We plot the
difference x2−x1 as a function of time t; horizontal hops cor-
respond to the moments at which this quantity crosses through
0.
We see a bistable-type behavior corresponding to the two pos-
sible horizontal arrangements of the two discs. The goal of
this paper is to calculate the mean time between adjacent
hops. Note that, as seen in the figure, these statistics include
pairs (and possibly longer sequences) of events that occur very
close to each other in time, corresponding to consecutive hops
without intermediate randomization. Although we do not nec-
essarily wish to count these as true hopping events, it is not
clear how to exclude them.
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FIG. 2: Hopping dynamics: x2− x1 as a function of time t.
The points show the hopping times. Parameters: w = 1.5,
h = 1.0, r = 0.24.
3III. MEAN COLLISION TIME FOR BILLIARD MODELS
A system of N hard spheres confined by hard walls in a d-
dimensional space may be treated as a billiard system in which
a single point particle undergoes free motion between re-
flecting obstacles in a (dN)-dimensional configuration space
[13, 17, 18]. This can be thought of as a mean return time
to the (d−1)-dimensional (i.e. co-dimension 1) cross-section
given by the wall boundaries.
For a particle with unit velocity moving in a general billiard
table, there is an exact expression for the mean return time
between consecutive intersections of the particle with a given
surface [14]:
〈τ〉= |Q||A| ·
|Sd−1|
|Bd−1| ·
1
s
. (2)
Here, |Q| denotes the d-dimensional volume of the available
space in the billiard; |Sd−1| is the (d−1)-dimensional area of
the unit sphere in Rd , given by
|Sd−1|= 2pi
d/2
Γ(d/2)
, (3)
where Γ(·) is the gamma function; and |Bd−1| is the volume
of the unit ball in Rd−1, given by |Bd−1| = |Sd−2|/(d − 1).
|A| denotes the (d − 1)-dimensional cross-sectional area of
the surface in question. The extra factor of s is a “sidedness”
factor, explained below. Note that Machta and Zwanzig [19]
used a similar method to derive an escape time across a virtual
boundary by treating it as a recurrence time.
In our case, we are interested in the mean return time to sev-
eral types of co-dimension-1 cross section. The first, giving
the “hopping time”, is defined by the moment at which the
two discs interchange their horizontal or vertical position, i.e.
when they cross one of the two surfaces
x1 = x2 or y1 = y2. (4)
At such an event, the cross-section can be hit from either side,
e.g. disk 1 can be traveling from left to right or the other way
around at the moment when the interchange of positions take
place in a horizontal hop. The area A of the surface is, then,
effectively twice as large, or equivalently the mean return time
to the surface is reduced by half; this is taken into account by
taking the “sidedness” factor s = 2 in the formula for 〈τ〉.
The other events of interest correspond to collisions of a spe-
cific disc with a specific wall, and the mutual collision be-
tween the two discs. In both of these cases, the collision sur-
face can be reached only from one side in configuration space,
corresponding to s = 1.
To calculate the mean times of interest, it is thus necessary to
calculate the 4-dimensional volume V of the available space,
and the 3-dimensional cross-sectional area A for each event of
interest.
IV. CALCULATION OF VOLUME AND AREAS
In this section, we calculate analytically the available volume
and the cross-sectional areas required.
A. Volume of available space
We denote by Z := {x ∈ R4 : (x1− x2)2+(y1− y2)2 ≥ (2r)2}
the complement of the cylinder in configuration space, where
x := (x1,x2,y1,y2). The four-dimensional available volume
Vfree is then given by
Vfree =
x1,x2=a
y1,y2=b∫∫∫∫
x1,x2=−a
y1,y2=−b
dx 1dx 2dy 1dy 2 1{(x1−x2)2+(y1−y2)2≥(2r)2} (5)
=
∫
dx1Z(x); (6)
here,
∫
dx denotes a four-dimensional integral over the whole
volume, and 1Z is the indicator function of the set Z, given by
1Z(x) = 1 if x∈ Z, and = 0 if x /∈ Z. Fig. 3 shows a diagram of
the product of spaces that give rise to the whole configuration
space. Recall that the dimensions a and b of the available
configuration space are functions of the disc radius r, but we
suppress this explicit dependence for simplicity.
It is easiest to represent the excluded cylinder in the coordi-
nates defined in Eq. (1):
Vfree =
x=a
√
2
y=b
√
2∫∫
x=−a√2
y=−b√2
dxdy
X=a
√
2−|x|
Y=b
√
2−|y|∫∫
X=−a√2+|x|
Y=−b√2+|y|
dX dY 1{x2+y2≥2r2}. (7)
Since X and Y do not appear in the integrand, the correspond-
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FIG. 3: The space to integrate is the product of the spaces
corresponding to the horizontal and vertical coordinates. The
dotted bands show the excluded set, that is, the complement
of Z, where the condition (x1− x2)2+(y1− y2)2 ≥ (2r)2 is
not satisfied. The width of each band is dependent on the
particular point of evaluation on the other subspace, which
ranges from 0 to r
√
2. Due to symmetry, we evaluate the
integral for X ,Y,x,y > 0 (indicated with hatching in the
figure), and multiply by 16.
ing integrals are trivial, giving
Vfree =
x=a
√
2
y=b
√
2∫∫
x=−a√2
y=−b√2
dxdy2
(
a
√
2−|x|
)
2
(
b
√
2−|y|
)
1{x2+y2≥2r2}
(8)
= 16
x=a
√
2
y=b
√
2∫∫
x=0
y=0
dxdy
(
a
√
2− x
)(
b
√
2− y
)
1{x2+y2≥2r2}, (9)
where we have used the symmetry visible in Fig. 3. Thus
Vfree = 16(I1 + I2), where I1 is the region where the range of
values of y is affected by the exclusion condition, and I2 is
where the exclusion condition has no effect on that range. In
figure 3 this would correspond to the dotted and white areas
of the left diagram; see also Fig. 13 in the appendix. We have
I1 =
x=r
√
2
y=b
√
2∫∫
x=0
y=
√
2r2−x2
dxdy
(
b
√
2− y
)(
a
√
2− x
)
(10)
= 2ab2r+ 16 (a+b)(2r)
3− 132 (2r)4− 14
(
piab+b2
)
(2r)2,
(11)
and
I2 =
x=a
√
2
y=b
√
2∫∫
x=r
√
2
y=0
dxdy
(
b
√
2− y
)(
a
√
2− x
)
(12)
=
(
a2−2ar+ r2)b2. (13)
Thus
Vfree = 16a2b2−16piabr2+ 643 (a+b)r3−8r4 (14)
=: Vprism−Vcyl, (15)
as previously obtained by Munakata and Hu [7]. It is use-
ful to split this expression into the total volume of the prism,
Vprism = 16a2b2, and the cylindrical volume excluded by the
overlapping condition, Vcyl = 16piabr2− 643 (a+b)r3+8r4.
The substitutions a(r)← (w− 2r)/2 and b(r)← (h− 2r)/2
give us the volume as a function of the radius, for fixed table
size:
Vfree =(w−2r)2(h−2r)2−pi(w−2r)(h−2r)4r2+ 323 (w+h−2r)r3−84.
(16)
Note that the above formula is correct only when both vertical
and horizontal hopping are possible, i.e., when h,w > 4r. If
this is not the case, the integration limits for X and Y in (7) are
altered; see Appendix A for the corresponding results.
As an example, consider the case w ≥ h, in which vertical
hopping is possible but horizontal hopping is not. There are
two sub-cases: if h≤w< 2h, there is a value of r above which
hopping is no longer possible, but the discs still fit in the table.
For 2h ≤ w, vertical hopping is possible only up to r = h/2.
The configuration space splits into disjoint components, but
thanks to the symmetry of the problem, in some cases the
cross-section areas and volumes become disjoint components
sharing the same fraction of the total volume, making the tran-
sition continuous. In other cases, we instead end up with a
discontinuity in the formulas, corresponding to a factor of 2
or 4.
For example, when h/4 < r < w/4 defining c =
√
4r2−b2,
we have
Vh/4<r<w/4 = 32abr
2 [arccos(b/2r)− arccos(a/2r)]
+
64r3
3
[
a((b−a)/2r)−b(c/2r+
√
4r2−a2/2r)
]
+16
[
ab2c(4
√
2−1−
√
2/3)+ c2b2(
√
2/3−1)
]
−2r2(b2−a2) (17)
When r is larger than both h/4 and w/4, one must take into
account a similar contribution which inverts the roles of a and
b.
5We have verified our expressions for the available volume nu-
merically using standard rejection-sampling Monte Carlo sim-
ulations: we generate uniform random positions for the disc
centers in [−a,a]× [−b,b] and count the fraction of initial
conditions for which the two discs do not overlap (rejecting
those where is overlap). The results are shown in Fig. 4. We
chose the values w = 1.5,h = 1 for the numerical integration
since all the different cases of the volume formulas occur for
these values: all hops possible, only vertical hops possible, no
hops possible.
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FIG. 4: Available volume in configuration space as a function
of radius. The line labeled rhmax is the limit for horizontal
hopping, and the one labeled rvmax is the limit for vertical
hopping. The transition between the formulas is continuous.
In the following, for simplicity we shall give results only for
the case r < min(w4 ,
h
4 ).
B. Cross-sectional areas
The terms of the form |A| in (2) are surface areas of 3-
dimensional surfaces (manifolds) S embedded in configura-
tion space, defined by algebraic equations of the form g(x) =
0, so that S = g−1(0) is the zero set of g. The surface area of
S is then given by
A(S) =
∫
1Z(x)δ (g(x))dx. (18)
To evaluate this, we use the following coarea formula [20, sec-
tion 6.1]
∫
Rd
f (x)δ (g(x))dx=
∫
g−1(0)
f (x)
‖∇g(x)‖ dS, (19)
where the integral on the right-hand side is over the surface
g−1(0). [21]
The appearance of the normalization factor ‖∇g(x)‖ can be
understood intuitively by considering how to verify numeri-
cally these surface areas. One possible technique is to use
rejection sampling to sample the volume given by |g(x)| ≤ η
for some small value of η . Points will be accepted or rejected
according to their orthogonal distance to the surface, which
is the factor in the denominator in the above expression. Our
case is simple in this respect: most of our surfaces are either
parallel to the coordinates or are in some way “diagonal”, giv-
ing constant factors.
1. Hopping
Vertical hopping occurs when the vertical positions of the
two discs are equal: y1 − y2 = 0. In the above for-
mulation we define ghop(x1,x2,y1,y2) := y1 − y2, so that
∇ghop(x) = (0,0,1,−1) and ‖∇ghop(x)‖=
√
2. Alternatively,
we can integrate directly in the (x,X ,y,Y ) coordinates, where
g(x,X ,y,Y ) = y, and then return to the original coordinates.
This results in the following expression:
Ahop =
x1,x2=a
y1,y2=b∫∫∫∫
x1,x2=−a
y1,y2=−b
dx 1dx 2dy 1dy 2 1{(x1−x2)2+(y1−y2)2≥(2r)2} δ
(
y1− y2√
2
)
. (20)
Carrying out the integrals (see Appendix A) gives
Ahop = 16
√
2b(a− r)2. (21)
As before, the formula is no longer valid for r > w/4. In this
case, vertical hopping becomes impossible for a larger radius.
In Monte Carlo simulations, we count the proportion of suc-
cessful placements of hard discs for which the distance |y1−
y2| is within a small tolerance of 0, but note that the factor√
2 must also be taken into account in this calculation (see
Appendix B). Results are shown in Fig. 5.
The results for horizontal hopping are obtained by interchang-
ing a and b.
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FIG. 5: Area of the surface corresponding to vertical, Ahop,
indicated in the formula in eq. 21. As explained in the text,
the formula does not apply for r > 1/4, but numerical values
correctly remain at zero.
2. Disc collisions
The area which represents collisions between the two discs
is the surface area of the cylinder that lies within the prism,
given by
gcoll(x) := (x1− x2)2+(y1− y2)2−4r2,
so that
∇gcoll(x) = (2(x1−x2),−2(x1−x2),2(y1−y2),−2(y1−y2)),
with norm ‖∇gcoll(x)‖= 2
√
2
√
(x1− x2)2+(y1− y2)2.
For r < w/4, we find for the corresponding area
Acoll =
√
2(16piabr−32(a+b)r2+16r3). (22)
The numerics proceeds as before, checking which random
configurations fall within a small tolerance from the collision
condition, and plotting this as a fraction of the total volume.
The result is shown in Fig. 6.
3. Wall collisions
We restrict attention to collisions of disc 1 with the right wall,
for which
gwall(x) := x1−a.
The corresponding area, after taking the delta function into
account, is
Awall =
x2=a
y1,y2=b∫∫∫
x2=−a
y1,y2=−b
dx 2dy 1dy 2 1{(a−x2)2+(y1−y2)2≥4r2} (23)
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FIG. 6: Numerical and theoretical collision area between the
discs. The theoretical result (22) breaks down at r > 1/4, but
we have here used the general formula (A18) valid for all r.
.
0.0 0.1 0.2 0.3
0.0
0.3
0.6
0.9
1.2
radius r
m
e
a
n
 w
a
ll 
co
llis
io
n 
tim
e numericalexact
rhmax
rvmax
FIG. 7: Numerical and theoretical calculation for the area for
the impact of a particular disk with the right wall, as in (23).
Again, the general formula has been used.
.
The integration gives
Awall = 8ab2−4pibr2+ 163 r
3. (24)
Once again, a simple Monte Carlo procedure verifies this re-
sult, shown in Fig. 7. This time, the correction factors of
√
2
do not appear, since the areas are orthogonal or parallel to the
original position coordinates.
Taking into account the symmetry of the expression for either
disc bouncing on either of the vertical walls, the area for this
event is 4Awall. For horizontal wall collisions, the roles of a
and b are switched. Thus the area for any impact on any wall
is
Awalls = 32ab(a+b)−16pir2(a+b)+ 1283 r
3. (25)
7V. EXACT MEAN INTER-EVENT TIMES
In this section, we use the results of the last section to give an-
alytical expressions for mean inter-hop times, as well as mean
wall collision and disc collision times. We tested the results
against molecular dynamics simulations with uniform random
non-overlapping initial conditions for the discs and standard
billiard dynamics with elastic collisions, in which the trajec-
tories of the disc centers are determined by their momentum
and the first collision (either with a wall or between discs) is
given by the event with the least positive collision time.
This dynamics produces a list of collision times with walls and
between discs. Hopping times are inferred by locating con-
secutive collisions in which the sign of the difference of the
relevant coordinates (horizontal or vertical) changes. The ex-
act hopping time may then be determined using the momenta
after the previous collision.
A. Mean hopping time
Inserting the results of the previous section into the formula
for the mean times for crossing surfaces of section (2) gives
exact mean inter-hop times. For vertical hops we have
〈
τhop
〉
=
3pi
4
√
2
2a2b2−2piabr2+ a+b3 (2r)3− r4
b
√
2(a− r)2 . (26)
(Recall that here there is a factor s = 2.)
In the limit of small disc radius, the discs have very infrequent
interactions, and the result depends only on the table height:
〈
τhop
〉 r→0∼ 3pi
8
√
2
h. (27)
Also of interest is the limit when r → w/4, at which point
vertical hopping becomes impossible. The denominator goes
to zero quadratically, while the available volume is still pos-
itive (except in the degenerate case w = 2h). The exact ex-
pression is cumbersome, due to the fact that the general vol-
ume expression contains trigonometric functions and is unin-
tuitive (see Section A 1), but the leading term in the numer-
ator is w2( h2 − w4 )2, and the denominator stays the same, so
the asymptotic behavior is ∼ (r− w4 )−2. The figure shows
the comparison between numeric and analytic results for the
complete valid range.
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FIG. 8: Mean hopping time as function of the radius.
B. Mean disc collision time
For collisions between discs, we have, for the case r < w/4,
〈τcoll〉= 3pi
2
√
2
2a2b2−2piabr2+ a+b3 (2r)3− r4
2piabr−4(a+b)r2+2r3 . (28)
As expected, this tends to infinity in the limit of small radius,
with asymptotics
〈τcoll〉 r→0∼ 3
8
√
2
wh
r
. (29)
For the case in which the discs narrowly fit inside the table we
need to use the more cumbersome expression in (17) and the
corresponding area. The time between collisions should go to
zero; see figure 9. In this case, the function is smooth for the
whole range of valid values for r.
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FIG. 9: Mean disc collision time as function of the radius.
8C. Mean wall collision time
Lastly, for a specific disc colliding with a specific vertical wall
we have
〈τwall〉= 3pi
2
√
2
2a2b2−2piabr2+ a+b3 (2r)3− r4
ab2−pi/2br2+ 163 r3
, (30)
in the case that r < h/4. The limiting form for small r depends
only on the width of the table and is exactly 3piw/2. In the
numerics this appears as the intersection with the y-axis.
When r≈ h/4 we have two limiting expressions since there is
a discontinuity in the available volume; the difference is ex-
actly a factor of two. In the comparison with numerics, we
can see this jump in the function, accompanied by a larger er-
ror in the calculations (since it is more difficult to find correct
starting positions). This is indicative of the system breaking
up into smaller ergodic components.
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FIG. 10: The mean impact-on-walls time as function of the
radius, notes as the figure 8
.
VI. PROBABILITY DISTRIBUTIONS
Since each type of event studied is a recurrence time to a cer-
tain surface in phase space, we expect to observe the standard
exponential distribution for return times in chaotic systems
[22]. It is known that deviations from the exponential depend
on the particularities of the system at hand [23].
As an example, we show the probability distribution of hop-
ping times for different radii and find that the distribution de-
pends both qualitatively and quantitatively on the radius, with
the tails approximately exhibiting the expected exponential
decay.
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FIG. 11: Histogram of hopping times for different disc radii.
VII. CONCLUSIONS
We have calculated exact analytic expressions for mean inter-
event times for hopping and collision in the paradigmatic
model of two discs in a hard box, by treating them as returns
to suitable surfaces in configuration space, and applying a re-
sult from ergodic theory. The analytical results derived are in
agreement with the limiting behavior obtained by Bowles et
al. [5] for first-passage events, and are in excellent agreement
with molecular dynamics simulations.
The results may be extended to discs with different radii r1 and
r2, leading to clumsier analytical expressions. It would also
be possible to extend the results to calculate exact mean col-
lision and hopping times for systems containing more discs,
but the analytical calculations become more challenging; see
e.g. [24].
Appendix A: General area and volume calculations
In this section, we find expressions for areas and volumes in
all regimes. To simplify the formulas, we omit the dependence
of a and b on r.
1. Volume
An implicit assumption was made on the limits of integration
in (7). If w,h> 4r, then the limits of integration are unaffected
by the radius of the circles. In order to avoid the same positive
term 16a2b2, in the formulas, we work here with the excluded
volume Vcyl, instead of the available one Vfree.
9We begin the derivation after integrating out X and Y :
Vcyl
16
=
∫∫
dxdy
[
2ab−
√
2(ay+bx)+ xy
]
1{x2+y2<2r2}.
(A1)
A diagram helps us visualize the limits of integration. The
most general case is (without loss of generality) h < w < 2h;
as the disc radius
• Horizontal and vertical hopping possible: 0 < r ≤ h/4;
• Only vertical hopping possible: h/4 < r ≤ w/4;
• No hopping possible: w/4 < r < (h+w−√2hw)/2.
The largest possible radius is illustrated in Fig. 12.
2r
v
th
w
r
r
r
r
FIG. 12: The largest possible radius for h < w < 2h. The
auxiliary variable v is the horizontal difference in coordinates
between the centers, and t the corresponding vertical one.
From the diagram one can see that t2+ v2 = (2r)2, h = t+2r
and w = v+2r, from which one can deduce the value for r.
We examine these regimes on the integration space. The first
one is solved in the main text, but we repeat it here using a
different coordinate system that proves useful. In Fig. 13 we
present the three regimes as the shaded area where we perform
the integration.
We evaluate the integral, carefully choosing the limits of in-
tegration. We perform the integral over the hatched area
in polar coordinates (ρ,θ). We call the integral Vh(r,α,β )
(where h stands for “hatched”). As can be seen from fig-
ure 13, the regime where all hopping is possible corresponds
to α = pi/2,β = 0; the vertical hopping regime is where
α < pi/2,β = 0, and the no-hopping regime is where 0 < β <
α < pi/2.
We rewrite the integral in terms of an angle θ :
Vh(r,α,β )
16
=
∫∫
dxdy
[
2ab−
√
2(ay+bx)+ xy
]
1{x2+y2<2r2}
=
∫∫
dρ dθ ρ
[
2ab−
√
2(aρ sinθ +bρ cosθ)
+ ρ2 cosθ sinθ
]
1{ρ2<2r2}
(A2)
The indicator function determines the limits for the ρ inte-
gration variable. We set α,β as the other two limits and per-
form the integral over ρ , which does not change in the three
regimes.
Vh(r,α,β )
16
=
α,r
√
2∫∫
β ,0
dρ dθ ρ
(
2ab−
√
2(aρ sinθ +bρ cosθ)+ρ2 cosθ sinθ
)
=
α∫
β
dθ
[
2abr2− r34/3(asinθ +bcosθ)+ r4(cosθ sinθ)] .
(A3)
Now we integrate over the θ variable:
Vh(r,α,β )
16
= 2r2abθ+4/3r3(acosθ−bsinθ)+ r
4 sin2 θ
2
∣∣∣∣∣
α
β
.
(A4)
For the case in which all hopping is posible, the expression in
(A4) takes the values α = pi/2,β = 0 and after multiplying by
16 both sides, we recover the Munakata and Hu formula. For
the other two cases, we use that sinα = b/r and cosβ = a/r.
Now we treat the dotted areas in the figures 13b and 13c. Since
they are triangular, they are more easily treated in Cartesian
coordinates. We start with the upper triangular region. First,
since we are inside the triangle the characteristic function be-
comes a simple integration limit:
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Vu(r)/16 =
∫∫
dydx [2ab−
√
2(ay+bx)+ xy]1{(x)2+(y)2<2r2}
=
∫ b√2
0
dy
∫ y√r2−b2/b
0
dx [2ab−
√
2(ay+bx)+ xy]
=
∫ b√2
0
dy
[
2abx−
√
2(ayx+bx2/2)+ x2y/2
]y√r2−b2/b
0
=
∫ b√2
0
dy
[
2aby
√
r2−b2
b
−
√
2
(ay2√r2−b2
b
+
y2(r2−b2)
2b
)
+
y3(r2−b2)
2b2
]
=
[
ay2
√
r2−b2−
√
2y3
3
( r2−b2+2a√r2−b2
2b
)
+
y4(r2−b2)
8b2
]b√2
0
= 2ab2
√
r2−b2− 2b
2(r2−b2+2a√r2−b2
3
+
b2(r2−b2)
2
Vu(r) = 32ab2
√
r2−b2− 32b
2
3
(r2−b2+2a
√
r2−b2)+8b2(r2−b2).
(A5)
The lower dotted region in Fig. 13c gives a symmetric expression:
Vl(r) = 32a2b
√
r2−a2− 32a
2
3
(r2−a2+2b
√
r2−a2)+8a2(r2−a2). (A6)
These expressions account for all volume available in the con-
figuration space, but cannot be used for calculation of all event
times that interest us. We need also expressions that take into
account that this space is divided into disjoint components, as
some events become impossible in each of these subsystems.
For example, (see the next section), disc 1 cannot hit the left
wall if it started on the right and horizontal hopping is ex-
cluded. So we have to take into account that only half of the
positions are available (due to symmetry) in (2).
Due to the symmetry of the problem, the available volume for
each disjoint component of the dynamical system is equal; for
example, if horizontal hopping is no longer possible (w/4 <
r < h/4), then there are two symmetric disjoint components:
the system starting with disc 1 on the left and the one starting
with disc 1 on the right. Both occupy the same phase space
volume, as they are symmetric under interchange of labels. If
h< 4≤ r then the system gets further divided into four disjoint
components.
2. Area
The above procedure must be repeated for the calculation of
areas for each surface of interest. We use a suitable Dirac delta
to represent each codimension-1 collision event (contact of a
disc with a wall or another disc). We multiply the characteris-
tic function of the available space by the Dirac delta, and then
again divide it into the three cases, namely, all hopping, only
vertical hopping and no hopping possible, again referring to
Fig. 13. Sometimes it turns out to be easier to obtain the inte-
gral over all configuration space and then exclude the part that
corresponds to the overlapping condition. Again, the hatched
area of the exclusion condition has a simpler representation in
polar coordinates, and the triangular (dotted) regions can be
treated in rectangular coordinates.
a. Hopping cross section
Fig. 14 shows the geometry for the hopping surface, given by
ghop(x) = y1− y2 = 0. We obtain
Ahop =
x1,x2=a
y1,y2=b∫∫∫∫
x1,x2=−a
y1,y2=−b
dx 1dx 2dy 1dy 2 1{(x1−x2)2+(y1−y2)2≥(2r)2} δ
(
y1− y2√
2
)
. (A7)
The simplest approach to this integral is via the y and Y coor- dinates, since the surface is orthogonal to the Y axis:
Ahopp
8
=
x=a
√
2,y=b
√
2
X=a
√
2−x,Y=b√2−y∫∫∫∫
x,X ,Y=0
y=b
√
2
dxdydX dY 1{x2+y2≥2r2}δ (y) (A8)
=
x=a
√
2,y=
√
2∫∫
x=0,y=−b√2
dxdy(a
√
2− x)(b
√
2− y)1{x2+y2≥2r2}δ (y)
(A9)
=
a
√
2∫
0
dxb
√
2(a
√
2− x)1{x2≥2r2} (A10)
=
a
√
2∫
r
√
2
dx(2ab− xb
√
2) (A11)
=
[
2abx− x
2b√
2
]a√2
r
√
2
(A12)
Ahopp = 8
√
2b(a− r)2 (A13)
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Note that in (A8) we do not use symmetry in y, due to the
Dirac delta.
b. Disc collisions
For other cross-section areas we proceed in a similar manner.
Disc collisions occur when
√
x2+ y2 = r
√
2, giving
Acol
16
=
x=a
√
2,X=a
√
2−x
y=b
√
2,Y=b
√
2−y∫∫∫∫
x,X ,y,Y=0
dxdX dydY δ (
√
x2+ y2−
√
2r) (A14)
Acol
16
=
x=a
√
2,y=b
√
2∫∫
x,y=0
dxdy
[
2ab−
√
2(ay+bx)+ xy
]
×δ (
√
x2+ y2−
√
2r)
(A15)
We change to polar coordinates as we did in A2:
x2+ y2 =: ρ2 (A16)
⇒ δ (
√
x2+ y2−
√
2r)→ δ (ρ−
√
2r), (A17)
giving
Acol/16 =
ρ=r,θ=α∫∫
ρ=0,θ=β
dθ dρ ρ
[
2ab−
√
2ρ(asinθ +bcosθ)+ρ2 cosθ sinθ
]
δ (ρ−
√
2r) (A18)
=
∫ α
β
dθ
√
2r
[
2ab−2r(asinθ +bcosθ)+2r2 cosθ sinθ)] (A19)
Acol = 16
√
2
(
2abr(α−β )+2r2[a(cosα− cosβ )−b(sinα− sinβ )]+ r3(sin2α− sin2β )). (A20)
We have used the same trick as in the previous subsection to
obtain a general expression that works even when hopping is
not possible. In the case of r < w/4 (all hopping possible)
we have the substitution α = pi/2 and b = 0, obtaining the
result stated previously in eq. 22. It is practical to leave here
the expression for 1/4 of the total area. The symmetry of the
cases makes it so that when the phase space splits into disjoint
components, the accessible volume and area scale in the same
manner.
c. Wall collisions
For a collision with the wall, the xi give suitable coordinates.
Once again, we have to be careful with the multiplicative fac-
tors that appear due to change of variables. Let us suppose
that we want the area that represents contact of disc 2 with the
right wall, so that x2−a = 0. Then
Ax2=a =
a,a,b,b∫∫∫∫
−a,−a,−b,−b
dx 1dx 2dy 1dy 21{(x1−x2)2+(y1−y2)2≥(2r)2}
×δ (x2−a)
=
a,b,b∫∫∫
−a,−b,−b
dx 1dy 1dy 21{(x1−a)2+(y1−y2)2≥(2r)2} (A21)
We change variables as follows:
y1− yy√
2
= y
y1+ yy√
2
= Y
x1−a√
2
= x (A22)
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Integrating over x, we obtain
Ax2=a =
√
2
0,
√
2b,
√
2b−|y|∫∫∫
−√2a,−√2b,−√2b+|y]
dxdydY 1{(x2+y2≥2r2} (A23)
= 2
√
2
0,
√
2b∫∫
−√2a,−√2b
dxdy(
√
2b−|y|)1{(x2+y2≥2r2}. (A24)
In the case that all hopping is possible there are no problems
with the above derivations, but if vertical hopping is excluded
then there are differences. If r > h/4, and disc 2 starts on
the left, it will never be able to hit the right wall. So, ac-
tually, this is a subsystem of the whole system in which our
general formula needs to be adjusted. When h/4 < r < w/4, a
disk cannot interchange left–right positions, but can still move
across all vertical available space. After r ≥ w/4, the system
gets split again into two more disjoint components. So, when
we calculate the available volume, we use only the part of the
volume corresponding to the set where the event can occur.
Again, it is simpler to evaluate the last expression in eq. A23
in the excluded space and then to subtract that from the whole
configuration space evaluation:
Ax2=a = 4
√
2
√
2a,
√
2b∫∫
0,0
dxdy(
√
2b− y)1{(x2+y2)≥2r2} (A25)
= 4
√
2
√
2a,
√
2b∫∫
0,0
dxdy(
√
2b− y)
︸ ︷︷ ︸
whole space
−4
√
2
√
2a,
√
2b∫∫
0,0
dxdydY 1{(x2+y2)<2r2}(
√
2b− y)
︸ ︷︷ ︸
excluded space
(A26)
The integrals are again routine to evaluate: the whole space
part gives
1
4
Awhole = 8ab2. (A27)
For the excluded part, we again evaluate the circular region
in polar coordinates and the triangular regions, if they exist,
in Cartesian coordinates. From the circular sector we get (see
Fig. 13 and the following explanation for α,β variables):
Asector = 8br2(α−β )+16r3/3(cosα− cosβ ) (A28)
The upper triangle for α < pi/2 gives
Au =
8
3
b2
√
r2−b2, (A29)
and the lower triangle a symmetric expression with a instead
of b.
Appendix B: Numerical method for calculating surface area
All code used for the simulations is available, in keeping with
the philosophy of open science.
For simplicity, we used traditional rejection sampling to cal-
culate the free volume and cross-sectional areas.
The cross-sectional areas are calculated by fattening the sur-
face g(x) = 0 to Sε := {x : 0≤ g(x)≤ ε}, or in the case of the
hopping cross-section S2ε := {x : ‖g(x)‖ ≤ ε}.
Thus
A = lim
ε→0
∫
1Sε
ε
is calculated by sampling points from the whole volume and
rejecting those lying outside Sε .
As in the analytical calculation, the width of this strip must be
calculated correctly by dividing by ‖∇g(x)‖.
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FIG. 13: Three hopping regimes. The integral must be evaluated over the shaded region. It is divided in two cases: the hatched
area is solved by polar coordinates as in eq. A2, and the dotted area indicates the part of the integral that is carried away in
Cartesian Coordinates as in eq. A5. In the first case all hopping is possible; the middle case allows only for vertical hopping;
and the last case excludes hopping.
exact
FIG. 14: The surface y1 = y2 and the approximation to its
measure by ε-width characteristic functions. Using the
original coordinates we perform an error of
√
2, but using the
y,Y coordinates we arrive to the correct expresion. Using the
MonteCarlo Numerics, this error is dificult to detect, because
both the numeric and the wrongly solved analityc formula
have the same multiplicative mistake. Is only when we plug
this into Machta Zwanzig Formula that the error becomes
evident.
